Single crystals have high atomic electric fields as much as 10 11 V/m, which correspond to magnetic fields of ∼ 10 3 T. These fields can be utilized to convert X rays into Axion Like Particles (ALPs) coherently similar to X-ray diffraction. In this paper, we perform the first theoretical calculation of the Laue-case conversion in crystals based on the Darwin dynamical theory of X-ray diffraction. The calculation shows that the Laue-case conversion has longer interaction length than the Bragg case, and that ALPs in the keV range can be resonantly converted by tuning an incident angle of X rays. ALPs with mass up to O(10 keV) can be searched by Light-Shining-through-a-Wall (LSW) experiments at synchrotronX-ray facilities. * yamaji@icepp.s.u-tokyo.ac.jp
I. INTRODUCTION
Some theories beyond the Standard Model predict additional particles which have weak couplings to photons. The unknown particles of this sort include Axion Like Particles (ALPs) [1] [2] [3] , which are particles with similar properties to axion [4] [5] [6] [7] . The standard axion is a Nambu-Goldstone boson associated with an additional U(1) symmetry, which is firstly motivated to provide a solution for the strong-CP problem [4, 5] . In addition to the theoretical point of view, ALPs are of astronomical interest. ALPs are one of viable dark matter candidates [8, 9] , and they can provide possible explanation for astronomical observations such as the γ-ray transparency of the Universe [10, 11] and the stellar evolution [12, 13] . In particular, ALPs in the keV range can be related to the anomalies of solar activities such as coronal heating [14] and an unidentified X-ray emission line around 3.5 keV recently detected in the galaxy clusters [15] . Search for ALPs in the keV range has a particular importance in astronomy as well as elementary particle physics.
ALPs and photons can transform into each other via a mixing process (Primakoff effect [16] ), which may be described by the Lagrangian density,
where F µν is the electromagnetic field strength, F µν = 1 2 ǫ µνρσ F ρσ is its dual, a represents the ALPs fields, g aγγ is the coupling constant, and E · B is the odd-parity product of electromagnetic fields. The standard axion has proportionality between its mass and coupling constant [17] [18] [19] [20] . On the other hand, the ALPs' mass m a and g aγγ are considered to be not bound to each other.
Although upper limits on g aγγ in a broad mass range are obtained by solar axion searches, their limits inevitably depend on a solar model [21] [22] [23] [24] [25] [26] and its magnetic activity [27] . For example, the limit can be relaxed by postulating that the ALPs' mass and coupling depend on the environmental condition such as the temperature and the matter density [25] . Purelaboratorial experiments have a big advantage of model-independent searches for ALPs.
Various laboratorial experiments based on the Primakoff effect have been carried out by using the LSW scheme [28] . The LSW scheme converts photons (E) into ALPs by mixing them in the presence of an external magnetic field (B) of ∼ O(1) T. The generated ALPs pass through a shielding wall that blocks unconverted photons. Some of the ALPs are subsequently re-converted into real photons via an inverse process in another magnetic field.
The mixing takes place when ALPs' mass m a is much less than the energy of real photons.
Most LSW experiments are performed by using optical lasers as photon sources [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] , and experiments using X-ray sources [40, 41] are recently performed to probe heavier ALPs. The sensitive ALPs' mass of these X-ray experiments is up to O(1 eV).
It is well-known that there are extremely high electric fields in crystals. The fields are as high as 10 11 V/m, which correspond to magnetic fields of ∼ 10 3 T. These electric fields can also be used to transform X rays into ALPs or vice versa. The feasibility to use the electric fields in crystals for the conversion has been studied in Ref. [42] and [43] . These studies propose coherent X ray-ALP conversion similar to X-ray diffraction as shown in Fig. 1 .
The conversion in Bragg-case reflection ( Fig. 1 (a) ) is firstly considered in the framework of the Darwin dynamical theory of X-ray diffraction by Buchmüller and Hoogeveen [42] . The
Bragg-case reflection takes place when X rays fall on a crystal with reflecting lattice planes parallel to its surface (Bragg-case). The reflection converts some X rays into ALPs at the Bragg angle θ B . The calculated conversion probability for nearly massless ALPs is as follows,
where E T is an effective electric field shown afterwards, and L B is an X-ray penetration length under the Bragg condition. Solar axion searches using the crystal fields have been proposed [44, 45] and performed [46] [47] [48] [49] [50] . These experiments use a crystal detector itself as a converter from solar axions into X rays. However, LSW experiments using atomic electric fields have not been performed because Bragg-case diffraction in crystals reduces the X-ray penetration length L B ∼ 1 µm and the production efficiency of ALPs significantly. It was also suggested in Ref. [42] that the conversion is more effective when reflecting lattice planes are perpendicular to crystal surfaces (Laue-case). Later, Liao takes into account nonzero ALPs' mass in Ref. [43] by approximating crystals as periodic electric field ( Fig. 1(b) ). The study showed that ALPs in the keV range can be continuously searched by scanning incident angles of X rays. However, some effects of X-ray absorption and scattering which exist in real crystals are ignored in the previous calculation. Rigorous calculation including these effects is required to consider realistic experiments using atomic electric fields.
In this paper, we propose a new conversion geometry with reflecting lattice planes perpendicular to the crystal surfaces (Laue-case) as shown in Fig. 1(c) , and calculate the conversion efficiency. This calculation is performed in consideration of X-ray diffraction, X-ray absorp- tion and nonzero m a .
II. LAUE-CASE CONVERSION BETWEEN X RAYS AND ALPS IN CRYSTALS
In this section, we perform a theoretical calculation of the Laue-case conversion between X rays and ALPs in a crystal. The calculation is based on the Darwin dynamical theory [51] .
We set up recurrence formulae for amplitudes of X rays and ALPs at first. In the next place, we provide a solution of them by using the Born approximation. Finally, we examine the effect of X-ray diffraction on the X ray-ALP conversion. In this paper, we apply natural units with Lorentz-Heaviside units.
A. Recurrence relation between amplitudes of X-ray and ALP waves
We consider Laue-case conversion in a crystal between X rays with a momentum of k γ and massive ALPs with a momentum of k a . For the convenience of the calculation, we consider the geometry shown in Fig. 2 , where X-ray diffraction and the conversion take place in the The Laue-case conversion originates from a transition between four waves in the crystal, transmitted/reflected X rays (T γ /S γ ) and ALPs (T a /S a ). The transition takes place due to X-ray scattering and X ray-ALP conversion by atoms on the scattering planes. The total conversion efficiency can be calculated by solving recurrence relations of transmitted/reflected amplitudes T γ n /S γ n and T a n /S a n at n-th scattering planes. The conversion and scattering take place coherently when angles between lattice planes and the four waves satisfy the Fresnel diffraction condition as follows [51] ,
where θ γ/a T /S are the angles of transmitted/reflected X rays/ALPs, k γ/a ≡ |k γ/a | are the momentum of X rays/ALPs, and q T ≡ 
where the subscript (ij) is γγ or γa,x is the unit vector in the x direction, and the approxi-
S is used in the denominator. Since q ·x is much smaller than q ·ẑ when ∆θ ∼ O(1 mrad), we approximate q ≃ q Tẑ . The momentum transfer in the x direction is directly related to phase differences between the four waves as will be shown later.
The four waves which satisfy the Fresnel condition are mixed with each other by X-ray scattering and X ray-ALP conversion on the scattering planes. For example, the amplitude of transmitted X-ray wave, T 
S a n = S a n−1 e
The variables in the formulae are defined as follows [42] ,
where the subscripts are i = T /S, l = γ/a, (j, k)=(T, S)/(S, T), r e is the classical electron
r is the effective number density of atoms on the scattering plane, F c is the coefficient of the crystal structure factor, V is the volume of the unit lattice cell, η i are the X-ray scattering amplitudes, η i0 are the X-ray forward scattering amplitudes, ζ jk /ζ ′ jk are the X ray-ALP/ALP-X ray conversion amplitudes, φ l i are the phase changes of four waves during the propagation among scattering planes, λ γ,a are the wavelengths of X rays and ALPs. f γ,a (q) are the atomic form factor and a conversion form factor analogous to it,
where ρ(r), φ(r) are the electron charge density and the electric potential of an atom, e is the elementary charge. The forward form factor f a (0) vanishes since these form factors have
where Z is the atomic number of the crystal.
B. Solution of the recurrence formulae
Now we deduce the conversion amplitude by solving the recurrence relations, Eqs. (5-8).
We consider the conversion from X rays to ALPs under the boundary condition of T γ 0 = T 0 and T a 0 = 0 on the incident surface. The re-conversion contribution from ALPs in Eqs. (5, 6) are O(ζ 2 ) since T a n , S a n are estimated to be O(ζ) by Eqs. (7, 8) . We ignore the re-conversion contribution, which corresponds to the Born approximation. By the approximation, the recurrence relations between T γ n and S γ n become the same as the conventional Laue-case X-ray diffraction. Their solution can be deduced by using characteristic functions as follows [51] ,
The parameters in Eq. (16) are defined as
where the approximation 
The phase difference ∆φ a , which is related to a resonant condition for the X ray-ALP conversion, has the following relation,
where we use Eq. (4), and L = H cosθ γ T is the X-ray path length in the crystal. It is important to note that the resonance of X ray-ALP conversion does not necessarily require the Bragg condition as required in Ref. [42] . From these parameters and Eqs. (8, 16) , we can obtain the amplitude of reflected ALPs at the N-th scattering plane as,
The parameters ∆φ γ/a , η (0) are proportional to the spacing of scattering planes, r. Since r and N are dummy variables, higher order contributions of r can be ignored by taking r → 0 with rN = H. When we ignore terms higher than O(r 2 ), Eqs. (17, 18, 19) may be simplified as
By using Eqs. (28, 29, 30) and the approximation lim r→0, rN =const (1 + r) N = e rN , Eq. (27) can be simplified to be
From the above equation, the conversion probability can be calculated as
The re-conversion probability from ALPs to X rays takes the same form as it, except that ζ T S is replaced by ζ ′ T S . In the following subsections, we consider the conversion probability in the two cases, where the Bragg condition is fulfilled and where the incident angle is away from the Bragg angle.
Under the Bragg condition
The most peculiar effect of Laue-case conversion takes place under the Bragg condition . The components originate from standing waves called Bloch waves α (the first term of Eq. (31)) and β (the second term) due to X-ray diffraction. Since κ is close to unity, the Bloch wave α has much longer attenuation length than L att , which is called as Borrmann effect [52, 53] . The amplitudes of the Bloch waves α/β in Eq. (31) has their maxima under the following condition,
The condition is equivalent to the resonant ALPs' mass of
where we use Eqs. (20, 21, 26) ,
is the plasma frequency of the crystal, and ∆m γ ≡ m γ
Refγ (q)
Refγ (0) is its modification caused by X-ray scattering. From the expression Eq. (31), these resonances have a range of resonant ALPs' mass (a full width at half maximum of (P γ↔a ) 2 ) which can be described as
The right hand side of Eq. (34) for L ∼ L att,α/β can be approximated to fulfilled, the conversion probability can be evaluated as
It is convenient to represent the amplitudes η and ζ by means of macroscopic parameters of the crystal. The imaginary part of the forward X-ray scattering amplitude causes X-ray absorption determined by the relation,
where µ = jk is related to the effective electric fields E T in the crystal. ζ T S N and ζ ′ T S N can be rewritten to be
where the effective field is defined as
The factor, D, can be reduced to unity under the Bragg condition (k γ ≃ k a and θ γ/a T /S ≃ θ B ). Since the integral is roughly proportional to q −2
T , E T is inversely proportional to q T . The uncertainty due to the approximation k γ ≃ k a is O(0.1%) for k γ = O(10 keV) and m a = O(1 keV). From Eqs. (35, 36, 37, 38) and Imη = κImη 0 ,
where L α/β are effective conversion lengths of the Bloch waves. This expression is quite analogous to the result of the Bragg-case conversion as shown in Eq. (2). However, the penetration length L B ∼ O(µm) is replaced by the effective conversion length L α/β ∼ L att ∼ O(100 µm). Therefore, the probability of the Laue-case conversion is larger than that of the Bragg-case conversion. In particular, Bormann effect [52, 53] can enhance further the conversion probability from the Bloch wave α by
Here, we consider the crystal dependence of the conversion probability. Since E T is approximately inversely proportional to q T , lattice planes with lower indexes have higher E T . The coefficient F c for diamond-like crystals can be described as follows,
where (hkl) is the indexes of reflecting lattice plane, and m is an integer. The dependency of F c favors lattice planes with h + k + l = 4m. Therefore, the (220) lattice plane is the most suitable one with the highest effective field. The species of crystals also strongly influence on the conversion probability through E T and L att . Table I shows parameters of C (diamond),
Si and Ge (220) lattice planes for X rays with a photon energy of 20 keV as an example.
Diamond crystals have the most ideal specifications among them, with a long attenuation length, high κ, and high E T . Although a simplified calculation without X-ray absorption [43] favors higher-Z crystals with higher E T such as Ge and W, our realistic calculation prefers low-Z crystals (C and Si) because they have longer effective conversion lengths of the Laue-case conversion.
TABLE I. The summary of parameters of C (diamond), Si and Ge(220) lattice planes for X rays with the photon energy of 20 keV. From Eq. (31), the m a dependence of the conversion probability is calculated numerically.
The results under the Bragg condition (θ γ T = θ B ) are shown as the black line in Fig. 3 . In this calculation, we assume that injected X rays are simple plane waves, the X-ray photon energy is 20 keV, the converter is a C(220) 10 mm-thick single crystal and the coupling constant is g aγγ = 10 −3 GeV −1 . The assumed value of g aγγ is the maximum sensitivity of previous LSW experiments around m a = 100 eV. The result of simplified model done in
Ref. [43] is also shown by the grey line. As shown in Eqs. (33, 34) , the conversion probability has separated peaks corresponding to the Bloch waves α m γ − ∆m 2 γ = 32 eV and β m γ + ∆m 2 γ = 44 eV , and their full widths at half maximum of (P γ↔a ) 2 are determined from Eq. (34) as 35 and 48 meV, respectively. The Borrmann effect makes the peak probability of the Bloch wave α larger than that of β. The conversion probability has an oscillation structure and sub peaks around the main peak due to the phase factor in Eq. (31). The oscillating contribution from the Bloch waves α/β interfere destructively at the plasma frequency m γ = 38 eV. Although the result of simplified model also has a structure similar to our calculation, there are two major differences between them. While our result has separated peaks, the simplified calculation without X-ray diffraction has a single peak at m γ = 38 eV, which is the most insensitive mass in our result. Moreover, the peak probabilities of our result are smaller than that of the simplified calculation because X-rays are divided into two waves and absorbed partially by the crystal. These effects are particularly important for the conversion of ALPs with m a ∼ m γ . Ref. [43] is also shown by the gray line.
Where the incident angle is away from the Bragg angle
In this subsection, we consider the case where the incident angle is much larger than θ B (θ γ T ≫ θ B ). This means u ≃ ∆φ γ , C α ≃ 0 and C β ≃ 1 in Eqs. (4, 23, 28, 30) . In this case, the conversion probability is determined only by the contribution of the Bloch wave β, the second term of Eq. (31). The conversion in this case is resonant under the condition,
Here, we use the relation of Eq. (26), and ∆θ ≡ θ γ T −θ B is the detuning angle. The resonance has a range of m a similar to Eq. (34),
The right hand side of Eq. (44) is approximated according to the discussion below Eq. (34), and the expression can be reduced to the one in Ref. [43] when L is much shorter than L att .
From Eq. (44), the acceptable angular divergence of injected X rays/ALPs is calculated to be
where the angular divergence is defined as a full width at half maximum of (P γ→a ) 2 . As shown in Eq. (43), the resonant mass strongly depends on the deviation of the incident angle from the Bragg angle, ∆θ. The resonant mass m a has its maxima m a ≃ 2q
when injected X rays are nearly parallel to the crystal surface (θ
). Figure 4 shows the sensitive m a as a function of ∆θ in the case when the converter is a C(220) crystal, and X-ray photon energy is 20 keV. Although our results deviates from that of Ref. [43] under the Bragg condition as shown in the previous subsection, the sensitive mass for ∆θ ≫ 0 is almost the same. The sensitive mass reaches 1 and 10 keV when ∆θ is 2.62 and 275 mrad, respectively. The resonant mass has its maximum value of ∼ 17.2 keV when ∆θ = 1.32 rad
).
Under the resonant conversion condition of Eq. (43), the conversion probability P a↔γ can be calculated in the similar way as Eq. (40) except that the approximation of k γ ≃ k a and θ γ/a T /S ≃ θ B cannot be generally justified,
where L eff is an effective conversion length of the crystal,
is the path length, and
is the angle of injected beams. The pre-factor is 2 2 times larger than Eq. (40) because X rays are not divided into the Bloch waves α/β in this case. The sensitivity to the coupling constant g aγγ is proportional to the factor, Dcosθ T , which depends on the detuning angle ∆θ. The ∆θ dependence of the factor, Dcosθ T , for the conversion and the re-conversion is shown by . The factor of the re-conversion is higher than that of the conversion due to cosθ γ T < cosθ a T according to the discussion below Eq. (3). Figure 6 shows the conversion amplitude numerically calculated from Eq. (31) as a function of m a . In this calculation, we assume the same condition as Fig. 3 , except that the injection angle is detuned by ∆θ = 2.62 mrad, which corresponds to the resonant mass of 1 keV. In contrast to the case under the Bragg condition, the conversion probability has a narrow peak with the mean value of m a = 1 keV and the width of 1.5 meV, which are determined by Eqs. (43, 44) .
III. EXPERIMENTAL SETUP AND SENSITIVITY
Based on the above calculation, we design a new LSW experiment using atomic electric fields. Figure 7 shows an experimental setup using the Laue-case conversion in crystals.
The converter and re-converter are two independent crystal blades, or a channel-cut crystal with two blades fabricated on a monolithic single crystal. Their reflecting lattice planes are perpendicular to the surfaces of blades. The lattice planes of the converter and re-converter is required to be parallel to each other with the precision of Eq. (45) . The alignment procedure can be more easily performed by using a channel-cut crystal whose parallelism between lattice planes is exact. The alignment of crystals can be guaranteed by measuring Fig. 3 the intensity of reflected X rays as a function of ∆θ (a rocking curve). Between two blades, a shielding wall is installed to block unconverted X rays.
X rays are injected to the converter with an incident angle of θ B + ∆θ. When ALPs' mass satisfies Eq. (43), the Laue-case conversion from X rays to ALPs takes place. These ALPs pass through the shielding wall without absorption, and some of them are subsequently re-converted to signal X rays by the re-converter. If the parallelism between reflecting lattice planes of these crystals is guaranteed, the resonant condition of the re-conversion is automatically satisfied when incident X rays are resonantly converted into ALPs. Finally, signal X rays are measured by an X-ray detector. As shown in the previous section, the detectable ALPs' mass m a depends on ∆θ. In contrast to other ALPs searches, the sensitive mass can be tuned quite easily by rotating crystals slightly.
From the calculations shown above, the number of detectable signal X rays may be represented as follows,
where N γ is an X-ray flux, T DAQ is a data acquisition time, ∆θ BL is the effective angular divergence of X rays including their energy bandwidth, and ǫ d is the detection efficiency.
The sensitivity to g aγγ (90% C. L.) when backgrounds do not exist is shown by the following formula,
for m a ≃ m 2 γ + 2q T k γ cosθ B ∆θ with the bandwidth determined by ∆θ BL . The experimental setup requires an X-ray source with high photon flux. Third-generation large-scale synchrotron radiation facilities are the most suitable X-ray sources for the experiment since these facilities are optimized to generate intense X-ray beams. There are four X-ray facilities of this kind in the world today: PETRAIII, SPring-8, ESRF and APS. In this paper, we performed the first theoretical calculation of the Laue-case conversion between X rays and ALPs in crystals. The effects of X-ray diffraction and nonzero ALPs' mass are taken into account at the same time. This paper shows that the effective conversion length of the Laue-case conversion is O(10 2 ) times longer than the penetration length L B of the Bragg-case conversion as pointed out by Buchmüller and Hoogeveen. The conversion probability under the Bragg condition has two maxima corresponding to the Bloch waves, and the sensitivity for ALPs with the mass m a less than the plasma frequency of crystals can be enhanced further due to the Borrmann effect.
We also discussed a LSW experiment using the conversion scheme at a current X-ray facility. Its experimental setup is composed of diamond blades (a converter and a re-converter) and a shielding wall between them. By scanning the detuning angle, ALPs with the broad sensitive m a up to O(10 keV) can be searched.
